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We consider an f(Q,T ) type gravity model in which the scalar non-metricity Qαµν of the space-
time is expressed in its standard Weyl form, and it is fully determined by a vector field wµ. The
field equations of the theory are obtained under the assumption of the vanishing of the total scalar
curvature, a condition which is added into the gravitational action via a Lagrange multiplier. The
gravitational field equations are obtained from a variational principle, and they explicitly depend
on the scalar nonmetricity and on the Lagrange multiplier. The covariant divergence of the matter
energy-momentum tensor is also determined, and it follows that the nonmetricity-matter coupling
leads to the nonconservation of the energy and momentum. The energy and momentum balance
equations are explicitly calculated, and the expressions of the energy source term and of the extra
force are found. We investigate the cosmological implications of the theory, and we obtain the
cosmological evolution equations for a flat, homogeneous and isotropic geometry, which generalize
the Friedmann equations of standard general relativity. We consider several cosmological models by
imposing some simple functional forms of the function f(Q,T ), and we compare the predictions of
the theory with the standard ΛCDM model.
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I. INTRODUCTION
The birth of general relativity as a result of the works
by Einstein and Hilbert [1–3] had a tremendous impact
not only on physics and cosmology, but also on mathe-
matics. In their works Einstein and Hilbert made an ex-
tensive use in their work of the Riemannian geometry [4],
in which a spacetime can be endowed with a metric and
an affine structure, determined by a metric tensor gµν
and a connection Γαµν , respectively. The geometric and
gravitational properties of the space time are described
by the curvature tensor Rµνσλ and its contraction, from
which the Einstein tensor is constructed.
Very soon after the emergence of general relativity,
Weyl [5] did propose in 1918 an extension of Rieman-
nian geometry , which he used for physical applications
2to develop the first unified theory of gravity and electro-
magnetism, in which the nonmetricity of the spacetime
generated the electromagnetic field. Weyl’s unified the-
ory was severely criticized by Einstein, leading essentially
to its abandonment for more than a half century. In the
meantime another important development took place in
differential geometry, and it was based on the introduc-
tion of the concept of torsion [6]. This led to an impor-
tant extension of general relativity [7–9], which is called
the Einstein-Cartan theory [10]. From a physical point
of view in the Einstein-Cartan theory the torsion field
T µσλ 6= 0 is identified with the spin density of the matter
[10].
A third independent mathematical and physical devel-
opment of the gravitational field theories was initiated
by the work of Weitzenbo¨ck [11], who introduced some
geometrical structures that are known presently as the
Weitzenbo¨ck spaces. A Weitzenbo¨ck space is described
by the properties ∇µgσλ = 0, T µσλ 6= 0, and Rµνσλ = 0,
respectively. The Weitzenbo¨ck space reduces to a Eu-
clidean manifold when T µσλ = 0. On the other hand
in a Weitzenbo¨ck manifold T µσλ takes different values in
different regions of the manifold. Since the Riemann
curvature tensor identically vanishes in a Weitzenbo¨ck
manifold, these geometries have the key feature of dis-
tant parallelism, known also as teleparallelism or abso-
lute parallelism. In physics Einstein was the first to ap-
ply Weitzenbo¨ck type space-times by proposing a unified
teleparallel theory of gravitation and electromagnetism
[12].
The basic idea in the teleparallel formulation of gravity
is to substitute the metric gµν of the space-time manifold,
representing the basic geometrical variable describing the
gravitational field, by a set of tetrad vectors eiµ. Then one
can use the torsion tensor, generated by the tetrad fields,
to completely describe gravitational phenomena, with the
curvature replaced by the torsion. Hence this approach
leads to the so-called teleparallel equivalent of General
Relativity (TEGR), which was proposed initially in [13–
15], and presently it is also known as the f(T) gravity
theory, where T is the torsion scalar. The basic property
of teleparallel, or f(T) type theories, is that torsion ex-
actly balances curvature, with the important result that
the space-time turns into a flat manifold. Another impor-
tant property of the f(T) type gravity theories is that the
gravitational field is described by second order differen-
tial equations, a situation essentially different from other
modified gravity theories, where, like, for example, in
f(R) gravity, the field equations in the metric approach
are of fourth order [16]. A detailed analysis of teleparallel
theories is presented in [17]. f(T) gravity theories had
been intensively used for the study of the cosmological
evolution and of the astrophysical processes. They can
provide a physical and geometrical explanation for the
late-time accelerating expansion of the Universe, with-
out the necessity of introducing a cosmological constant,
or the dark energy [18–37].
The Weyl geometry did not attract much attention
in its first 50 years of existence. However, this situa-
tion changed after 1970, with the physicists beginning to
gradually explore its interesting physical and mathemat-
ical consequences at both microscopic and macroscopic
levels (for a very detailed description of the applications
of Weyl geometry in physics see [38].
An interesting extension of Weyl gravity was proposed
by Dirac [39, 40]. With the use of a real scalar field β of
weight w(β) = −1, and by constructing the electromag-
netic field tensor Fµν from the Weyl curvature, Dirac
adopted as the gravitational Lagrangian the expression
L = −β2R+ kDµβDµβ + cβ4 + 1
4
FµνF
µν , (1)
where k = 6 is a constant. This Lagrangian is con-
formally invariant. The cosmological implications of a
slightly modified Dirac model were investigated in [41].
In [42] the evolution of a Universe described by the Weyl-
Dirac type Lagrangian
L = WλρWλρ − β2R+ σβ2wλwλ + 2σβwλβ,λ +
(σ + 6)β,ρβ,λg
ρλ + 2Λβ4 + Lm, (2)
was considered, where Wµν is the Weyl length curvature
tensor, constructed from the Weyl connection vector wµ,
β is the Dirac scalar field, while σ and Λ are constants. It
turns out that in this model matter is created by Diracs
gauge function at the beginning of the Universe, while in
the dust dominated period Diracs gauge function gives
rise to dark energy that causes the late time cosmic ac-
celeration.
Weyl’s geometry can be extended naturally to include
torsion. The corresponding geometry is called the Weyl-
Cartan geometry, and it was extensively studied from
both physical and mathematical points of view [43–51].
For a review of the geometric properties and of the phys-
ical applications and of the Riemann-Cartan and Weyl-
Cartan space-times see [52].
In the geometric and physical framework of the Weyl-
Dirac theory torsion was included in [53–55], leading to
a Lagrangian of the type
L = WµνWµν − β2R+ β2(k − 6)wµwµ +
2(k − 6)βwµβ,µ + kβ,µβ,µ + 8βΓα[λα]β,λ +
β2(2Γα[µλ]Γ
λ
[µα] − Γ
α
[σα]Γ
ω
[σω] + Γ
α
[µλ]Γ
ω
[µλ]gαω +
8Γα[σα]w
σ) + 4Wµν;αΓ
α
[µν] + 2Λβ
4 + Lmatter, (3)
where the torsion tensor Γλ[µν] → Γ
λ
[µν] = Γ
λ
[ µν] is gauge
invariant, from which one can also construct a gauge co-
variant (in the sense of Weyl) general relativistic massive
electrodynamics.
An extension of the teleparallel gravity models, called
Weyl-Cartan-Weitzenbo¨ck gravity, was proposed in [56].
The action of this model can be formulated in terms of
3the dynamical variables
(
gµν , wµ, T
λ
µν
)
as
S =
∫
d4x
√−g
(
R+ T µανTµαν + 2T
µανTναµ −
4TµT
µ − 1
4
WµνWµν + β∇µT∇µT − 6wµwµ +
8wµT
µ + Lm
)
, (4)
where β is a constant, and Wµν = ∇νwµ − ∇µwν , re-
spectively. In the Weyl-Cartan-Weitzenbo¨ck theory, the
condition of the vanishing of the sum of the curvature
and torsion scalar,
R+ T µανTµαν + 2T
µανTναµ − 4TµT µ = 0, (5)
is imposed in a background Weyl-Cartan type space-
time, and it leads to a gravitational action of the form
S =
∫
d4x
√−g
(
− 1
4
WµνWµν + β∇µT∇µT − 6wµwµ
+8wµT
µ + Lm
)
. (6)
An important difference with respect to the standard
teleparallel theories is that the model is not formulated
in a flat Euclidian geometry, but in a four-dimensional
curved space-time. From the Weyl-Cartan-Weitzenbo¨ck
theory a purely geometrical description of dark energy
can be obtained, leading to a cosmological model in which
the late time acceleration of the Universe is fully deter-
mined by the geometrical properties of the space-time.
The Weyl-Cartan-Weitzenbo¨ck and the teleparallel grav-
ity was extended in [57], with the Weitzenbo¨ck condi-
tion in a Weyl-Cartan geometry inserted into the gravi-
tational action via a Lagrange multiplier. The action for
this theory is
S =
1
κ2
∫
d4x
√−g
[
− κ
2
4
WµνW
µν − 6wνwν + 8wνT ν
+ (1 + λ)
(
R+ T µανTµαν + 2T
µανTναµ − 4TµT µ
)
+ β∇µT∇µT + αTµνT µν + κ2Lm
]
, (7)
where α and β are constants, and λ is the Lagrange mul-
tiplier. Both decelerating and accelerating cosmological
models can be obtained from the theory.
The above theoretical investigations suggests that gen-
eral relativity can be represented in (at least) two mathe-
matically equivalent geometric formalisms: the curvature
formulation (in which the torsion and the nonmetricity
identically vanish), and the teleparallel formulation, in
which the curvature and the nonmetricity vanish identi-
cally, respectively.
But a third equivalent geometric representation of gen-
eral relativity is also possible. In this formulation the
properties of the gravitational interaction are described
geometrically by the nonmetricity Q of the metric, which
defines the variation of the length of a vector during
the parallel transport around a closed loop. This ap-
proach is called the symmetric teleparallel gravity, and
it was initially developed in [58]. Generally, the con-
nection describing the geometry can be decomposed into
the Levi-Civita connection, and a deformation one form,
Γαβ = Γ
{}α
β−Aαβ , whereAαβ = Kαβ−Qαβ/2−Qγ[αβ]θγ ,
whereKαβ is the contorsion, while Qαβ is the nonmetric-
ity defined as Qαβ = −Dgαβ. By adopting a telepar-
allel frame in which Γ vanishes, and by imposing the
condition of the vanishing of the torsion, it turns out
that Qµνλ = −gµν,λ, and the deformation tensor takes
the form of the Christoffel symbol γαβγ , A
α
βγ = γ
α
βγ .
The corresponding gravitational action takes the form
Lg =
√−ggµν
(
γαβµγ
β
να − γαβαγβµν
)
, which is equivalent
to the Hilbert-Einstein Lagrangian. Moreover, the asso-
ciated energy-momentum density in symmetric telepar-
allel gravity is the Einstein pseudotensor, which in this
geometric formulation becomes a true tensor. For a re-
view of teleparallel gravity see [59].
The symmetric teleparallel gravity approach was fur-
ther extended into the f(Q) gravity theory (also called
coincident general relativity) in [60]. After introducing
the quadratic nonmetricity scalar Q = −QαβµQαβµ/4 +
QαβµQ
βµα/2 + QαQ
α/4 − QαQ¯α/2, where Qµ = Q αµ α,
and Q˜µ = Q µαα , defining the nonmetricity conju-
gate Pαµν as P
α
µν = c1Q
α µν + c2Q
α
(µ ν) + c
3Qαgµν +
c4δ
α
(µQ¯ν) + (c5/2)
(
Q˜αgµν + δ
α
(µQν)
)
, and defining the
general quadratic form Q as Q = Q µνα P
α
µν , the gravi-
tational action of the theory can be written down as [60]
S =
∫
dnx
[
−1
2
√−gQ+ λ βµνα Rαβµν + λ µνα Tαµν
]
. (8)
Such gravitational theories based on nonmetricity may
also be called nonmetric gravity. Different physical and
geometrical properties of symmetric teleparallel gravity
have been investigated in the past in a number of studies,
with the interest for this type of theoretical approach to
gravity rapidly increasing recently [61–82].
In the so-called ”newer general relativity” class theo-
ries the propagation velocity of the gravitational waves
around Minkowski spacetime and their potential polar-
izations were considered in [69]. For symmetric telepar-
allel spacetimes the exact propagator for the most gen-
eral infinite-derivative, even-parity and generally covari-
ant theories was obtained in [70]. For different extensions
of symmetric teleparallel gravity the propagation of grav-
itational waves was studied in [74], and it was found that
the speed and the polarization of the gravitational waves
are the same as in general relativity. In the framework
of Symmetric Teleparallel Geometry an approach based
on the Noether Symmetry was applied to classify all pos-
sible quadratic, first-order derivative terms of the non-
metricity tensor in [75]. The cosmological implications
of the f(Q) theory and its observational constraints were
investigated in [76] and [77], respectively. In this geo-
4metric theory the accelerating expansion of the Universe
is an intrinsic property, and there is no need to intro-
duce the dark energy. The evolution of the cosmological
perturbations in f(Q) gravity was analyzed in [81].
In [72] an extension of symmetric teleparallel gravity
was considered by introducing a new class of theories
where the nonmetricity Q is nonminimally coupled to
the matter Lagrangian. The action of the theory is given
by
S =
∫
d4x
√−g
[
1
2
f1(Q) + f2(Q)Lm
]
, (9)
where f1 and f2 are arbitrary functions of Q, and Lm is
the matter Lagrangian. This nonminimal coupling be-
tween matter and geometry implies the nonconservation
of the energy-momentum tensor, and to the generation
of an extra force in the geodesic equation of motion. The
cosmological solutions obtained for some specific func-
tional forms of the functions f1(Q) and f2(Q) lead to
accelerating evolutions at late times.
The most general extension of the symmetric telepar-
allel gravity, in which the gravitational Lagrangian L is
given by an arbitrary function f of the non-metricity Q
and of the trace of the matter-energy-momentum tensor
T , with action
S =
∫ [
1
16pi
f(Q, T ) + Lm
]√−gd4x, (10)
was studied in [82]. Cosmological models constructed
by using some simple functional forms of the func-
tion f(Q, T ) were investigated in detail, and it was
shown that for all considered cases the Universe expe-
riences an accelerating expansion, ending with a de Sit-
ter type evolution. Geometry - matter couplings do ap-
pear in some semiclassical approaches to quantum grav-
ity, where, for example, one can consider an action
containing a geometry-quantum matter coupling of the
form
∫
RF (〈f(φ)〉)Ψ
√−gd4x, where Ψ is the wave func-
tion, F and f are arbitrary functions, and (〈f(φ)〉)Ψ =〈Ψ(t)| f [φ(x)] |Ψ(t)〉 [83]. By assuming that the quantum
metric can be decomposed into the sum of a classical and
of a fluctuating part, of quantum origin, respectively, the
resulting theories also lead at the classical level to mod-
ified gravity models with geometry-matter coupling [85–
87],
It is the main goal of the present investigation to con-
sider a particular implementation of the f(Q, T ) gravity
theory, which is based on the nonminimal coupling be-
tween the nonmetricity Q and the trace T of the matter
energy-momentum tensor. More exactly, we will go to
the framework of the proper Weyl geometry, and adopt
for the nonmetricity Q the explicit expression that fol-
lows from the non-conservation of the divergence of the
metric tensor in this geometry, ∇λgµν = −wλgµν . This
approach allows the representation of the nonmetricity in
terms of a vector field wµ, and the metric tensor. With
the help of the vector wµ one can construct an electro-
magnetic type tensor associated to it. In Weyl geometry
the nonmetricity is completely determined by the mag-
nitude of wµ. In order to obtain a full dynamical de-
scription of the gravitational field we need to add to the
gravitational action two terms related to the energy and
the mass of the vector field. Moreover, in order to follow
the essence of the teleparallel approach to gravity, we will
also consider the flat geometry constraint, by requiring
that the scalar curvature in the Weyl geometry vanishes.
This constraint is added to the gravitational action via a
Lagrange multiplier.
Once the gravitational Lagrangian and the geometric
action are constructed, we can obtain the gravitational
field equations in the usual way. By varying the action
with respect to the metric tensor we obtain the gen-
eral field equations describing gravitational phenomena
in the Weyl geometry in the presence of a massive vec-
tor field, coupled to the matter energy-momentum ten-
sor, in a globally flat geometry. By varying the action
with respect to the vector field we obtain the By consid-
ering the covariant derivative of the field equations we
obtain the divergence of the matter energy-momentum
tensor does not vanish in the present approach to the
gravitational interaction. The cosmological implications
of the f(Q, T ) theory are investigated for three classes
of specific models. The obtained solutions describe both
accelerating and decelerating evolutionary phases of the
Universe, and they indicate that the Weyl type f(Q, T )
gravity can be considered as an alternative and useful
approach for the description of the early and late phases
of cosmological evolution.
The present paper is organized as follows. The gravi-
tational action and the field equations of the Weyl type
f(Q, T ) theory are obtained in Section II. The energy
and momentum balance equations are derived in Sec-
tion III. The cosmological evolution equations for a flat
Universe geometry and their implications are considered
in Section IV. Specific cosmological models correspond-
ing to different choices of the functional form of f(Q, T )
are investigated in Section V. We discuss and conclude
our results in Section VI. The mathematical details of
the derivation of the field equations are presented in
Appendix A. The alternative representation of the field
equations is described in Appendix B.
II. FIELD EQUATIONS OF THE WEYL TYPE
f(Q,T ) THEORY
In the present Section we briefly review the basic con-
cepts of the Weyl geometry, we introduce the varia-
tional principle of the Weyl type f(Q, T ) theory, and we
write down the corresponding gravitational field equa-
tions. The divergence of the energy-momentum tensor is
also calculated, and the energy and momentum balance
equations of the theory are obtained.
5A. Weyl geometry in a nutshell
In Riemannian geometry, if we parallelly transport a
vector v along an infinitesimal loop, the variation of its
component is given by [56]
δvµ = vκRµκσνs
σν , (11)
where sσν is the area encircled by the loop. Since Rµνλρ
is anti-symmetric with respect to the first two indices,
the length of this vector is preserved, so that
δ (gµνv
µvν) = 2vκvνRνκσρs
σρ = 0 (12)
In order to describe the simultaneous change of direc-
tion and length, Weyl generalized the Riemannian ge-
ometry by introducing an intrinsic vector field wµ and a
semi-metric connection,
Γ¯λµν ≡ Γλµν + gµνwλ − δλµwν − δλνwµ, (13)
where Γλµν is the Christoffel symbol constructed with
respect to the metric gµν . The curvature of this semi-
metric connection has a symmetric part as well as an
anti-symmetric part,
R¯µναβ = R¯(µν)αβ + R¯[µν]αβ , (14)
where:
R¯[µν]αβ = Rµναβ + 2∇αw[µgν]β + 2∇βw[νgµ]α
+ 2wαw[µgν]β + 2wβw[νgµ]α − 2w2gα[µgν]β ,
(15)
and
R¯(µν)αβ = gµνWαβ , (16)
respectively, where
Wµν = ∇νwµ −∇µwν , (17)
is the field strength tensor of the vector field, while Rµναβ
is the Riemann curvature tensor associated to the metric
gµν [56].
From Eq. (12) we immediately see the geometric mean-
ing of Wµν ,
δ|v| = |v|Wσρsσρ, (18)
where |v| denotes the length of the vector. The first con-
traction of the Weyl curvature tensor is given by,
R¯µν ≡ R¯αµαν = Rµν + 2wµwν + 3∇νwµ −∇µwν
+ δµν
(∇αwα − 2w2) , (19)
where Rµν is the Ricci tensor constructed from Riemann
tensor and the Levi-Civita connection. The scalar curva-
ture is
R¯ ≡ R¯αα = R+ 6
(∇µwµ − w2) . (20)
In Riemannian geometry, the Levi-Civita connection
is compatible with the metric, i.e., ∇αgµν = 0. This
is not the case for the semi-metric connection in Weyl
geometry, where we have [56]
Q¯αµν ≡ ∇¯αgµν = ∂αgµν − Γ¯ραµgρν − Γ¯ρανgρµ
= 2wαgµν .
(21)
The scalar non-metricity plays a central role in our
theory, and it is given by
Q ≡ −gµν (LαβνLβνα − LαβαLβµν) , (22)
where Lλµν is defined as,
Lλµν = −
1
2
gλγ (Qµγν +Qνγµ −Qγµν) . (23)
Plugging Eq (21) into the expression above, we obtain
the important relation
Q = −6w2. (24)
B. The variational principle and the field equations
With all the geometric preliminaries in place, we can
move on to discuss the field theory itself. We consider
the following action
S =
∫
d4x
√−g
[
κ2f(Q, T )− 1
4
WµνW
µν
− 1
2
m2wµw
µ + Lm
]
.
(25)
In Eq. (25) κ2 ≡ 1/16piG, m is the mass of the particle
associated to the vector field, while Lm is the matter
action. The second and third terms in the action are the
ordinary kinetic term and mass term of the vector field,
respectively. The dynamics of the gravitational field is
characterized by this action together with a flat geometry
constraint, through which we impose the vanishing of the
total curvature of the Weyl space,
R¯ = 0. (26)
We impose this constraint by adding a Lagrange mul-
tiplier in the gravitational action, which becomes
S =
∫
d4x
√−g
[
κ2f(Q, T )− 1
4
WµνW
µν
− 1
2
m2wµw
µ + λ(R+ 6∇αwα − 6wαwα) + Lm
]
.
(27)
Varying the action with respect to the vector field, we
obtain the generalized Proca equation describing the field
evolution,
∇νWµν − (m2 + 12κ2fQ + 12λ)wµ = 6∇µλ. (28)
6Comparing this equation with the standard Proca
equation, we see that the effective dynamical mass of
the vector field is given by
m2eff = m
2 + 12κ2fQ + 12λ. (29)
We can also see that the Lagrange multiplier field gener-
ates an effective current for the vector field. From quan-
tum field theory, we know that the mass detected in ex-
periments may deviate from the bare mass due to the
existence of interaction. Eq. (29) shows that in the Weyl
type f(Q, T ) gravity, this deviation can also originate
from the nontrivial structure of the spacetime.
Variation with respect to the metric field gives the fol-
lowing field equation (see Appendix A for the calculation
details),
1
2
(Tµν + Sµν)− κ2fT (Tµν +Θµν) = −κ
2
2
gµνf
−6κ2fQwµwν + λ (Rµν − 6wµwν + 3gµν∇ρwρ)
+3gµνw
ρ∇ρλ− 6w(µ∇ν)λ+ gµνλ−∇µ∇νλ, (30)
where we have defined,
Tµν ≡ − 2√−g
δ(
√−gLm)
δgµν
, (31)
and
fT ≡ ∂f(Q, T )
∂T
, fQ ≡ ∂f(Q, T )
∂Q
, (32)
respectively. Also, we have introduced the quantity Θµν ,
defined as
Θµν ≡ gαβ δTαβ
δgµν
= gµνLm − 2Tµν − 2gαβ δ
2Lm
δgµνδgαβ
.
(33)
In the field equation above, Sµν is the rescaled energy
momentum tensor of the free Proca field,
Sµν =− 1
4
gµνWρσW
ρσ +WµρW
ρ
ν
− 1
2
m2gµνwρw
ρ +m2wµwν .
(34)
In terms of the Einstein tensor Gµν = R|muν −gµνR/2
the field equations become
Rµν − 1
2
Rgµν =
1
2λ
(Tµν + Sµν)− κ
2
λ
fT (Tµν +Θµν)
+
κ2
2λ
gµνf + 6
κ2
λ
fQwµwν − 3
λ
gµνw
ρ∇ρλ+ 6
λ
w(µ∇ν)λ
− 1
λ
(gµνλ−∇µ∇νλ) + 6wµwν − 3gµνw2. (35)
Alternatively, the gravitational field equations can be
reformulated in the form
1
2
(Tµν + Sµν)− κ2fT (Tµν +Θµν) = −κ
2
2
gµνf
− 6κ2fQwµwν + gµν∇ρDρλ−∇νDµλ
+ gµνwρD
ρλ− wµDνλ− 3wνDµλ
+ λ
(
Rµν + 2wµwν − 2gµνw2 + gµν∇ρwρ + 2∇νwµ
)
,
(36)
where we have denoted Dµ = ∇µ + 2wµ (for the deriva-
tion of Eqs. (36) see Appendix B).
Taking the trace of both sides of Eq. (36), we obtain
first
1
2
(T + S)− κ2fT (T +Θ) = −2κ2f − 6κ2fQw2
+ 3∇ρDρλ+ λ
[
R+ 6
(∇ρwρ − w2)] . (37)
Due to the flat geometry constraint, the term propor-
tional to λ in the above equation vanishes. From Eq. (28),
we can derive the explicit form of the term ∇ρDρλ, and
thus we obtain
1
2
(T + S)− κ2fT (T +Θ) = −2κ2f − 6κ2fQw2
− m
2
2
∇ρwρ − 6∇ρ(fQwρ). (38)
From the expression of Sµν we obtain S = −m2w2.
Hence we have
1
2
(1− 2κ2fT )T − κ2fTΘ
= −2κ2f + κ2QfQ − 6∇ρ(fQwρ) + m
2
2
(w2 −∇ρwρ)
= −2κ2f + κ2QfQ − 6∇ρ(fQwρ) + m
2R
12
,
(39)
where to obtain the last line we have used again the flat
constraint R¯ = 0.
III. THE ENERGY AND MOMENTUM
BALANCE EQUATIONS
After taking the covariant divergence of the metric
field equation (30), and using equations (28) and (29),
one can obtain the conservation equation of the energy-
momentum tensor as
∇µTµν = 1
1 + 2κ2fT
[
2κ2∇ν(pfT )− κ2fT∇νT
− 2κ2Tµν∇µfT −m2eff (wµWνµ − wν∇µwµ)
− 6wνλ− 6Wνµ∇µλ+Wνµ∇αWµα
− 12wνwµ∇µ(λ+ κ2fQ)
]
. (40)
7By using the vector field Eq. (28), we obtain
∇µTµν = 1
1 + 2κ2fT
[
2(∇ν−∇ν +Gµν∇µ)λ
+ 6∇νλ(w2 −∇µwµ) + wν(∇α∇µ∇α −∇µ)wµ
+∇αwµ(∇αWνµ +∇µWνα +∇νWµα)
+ 2κ2∇ν(pfT )− fT∇νT − 2Tµν∇µfT
]
. (41)
Now, by simplifying the covariant derivatives and using
the constraint equation Eq. (26), we find
∇µTµν = κ
2
1 + 2κ2fT
[
2∇ν(pfT )− fT∇νT − 2Tµν∇µfT
]
.
(42)
It should be noted that the energy-momentum tensor be-
comes conserved in the case fT = 0.
We consider the matter content of the gravitating sys-
tem as represented by perfect fluid, and we take the en-
ergy momentum tensor as
Tµν = (ρ+ p)uµuν + pgµν , (43)
where ρ is the total matter energy, and p is the thermody-
namic pressure, respectively. The four-velocity uµ is the
tangent vector of a particle’s worldline, parameterized by
the arc length, and hence satisfies the normalization con-
dition uµu
µ = −1. Taking the covariant derivative of
Eq. (43), we obtain first
∇µTµν = (∇µp+∇µρ)uµuν
+ (p+ ρ) (uν∇µuµ + uµ∇µuν) +∇νp. (44)
Multiplying with uν both sides of the above relation, we
obtain the energy balance equation,
uν∇µTµν = −uµ∇µρ− (p+ ρ)∇µuµ ≡ −ρ˙− 3H(p+ ρ)
(45)
where we have used the relation uµ∇νuµ = 0, and we
have introduced the Hubble function H , defined as 3H ≡
∇µuµ. The dot is defined as uµ∇µ = d/ds, with s being
the arc length along the worldline of the particle.
The energy source S in the gravitating system is given
by
S ≡ ρ˙+ 3H(p+ ρ) = −uν∇µTµν . (46)
Multiplying with the projection operator hνρ ≡ gνρ +
uνuρ both sides of Eq. (44), we obtain the momentum
balance equation as given by
uµ∇µuρ = d
2xρ
ds2
+Γρµλ
dxµ
ds
dxλ
ds
=
hνρ
p+ ρ
(∇µTµν −∇νp) .
(47)
From the equation above we can see that the quantity
hνρ
p+ ρ
(∇µTµν −∇νp) , (48)
measures the deviation of a particle’s worldline from a
geodesic, and hence it should be interpreted as a gener-
alized force,
Fρ = −h
νρ∇νp
p+ ρ
+
hνρ∇µTµν
p+ ρ
. (49)
Now, using Eq. (42), one can obtain the generalized
force as
Fρ = κ
2hνρ
(ρ+ p)(1 + 2κ2fT )
[
− 1
κ2
∇νp+ 2p∇ν(pfT )
− fT∇νT − 2Tµν∇µfT
]
.
(50)
Finally, we will also discuss briefly the divergence of
energy-momentum tensor Sµν of the Weyl vector field.
By making use of the generalized Proca equation and of
the Jacobi identity ∇νWρσ +∇σWνρ +∇ρWσν = 0, we
obtain immediately
κ2∇µSµν = 6
[
Wµν∇µλ−
(
m
meff
)2
wνλ
]
. (51)
It follows that when the Lagrange multiplier λ is a con-
stant, the divergence of the Weyl vector field is zero. By
using Eq. (29) and (51), we can roughly classify the rela-
tion between space-time geometry and the vector particle
into three categories:
a. Decoupled phase When f has a trivial depen-
dence on Q, and λ is zero, the mass of the vector particle
is equal to its bare mass, and the total number of parti-
cles is conserved. In this case, however, the evolution of
space-time structure as well as the dynamic of the Weyl
particles are still mutually dependent. Space-time and
the vector particle are not entirely detached, and there
is a mutual influence between them.
b. Weakly entangled phase When f has a trivial de-
pendence on Q, and λ is a nonzero constant, the mass
of the particle is shifted but the total particle number is
still conserved. The weakly entangled phase is basically
the same as the decoupled phase, since a constant shift
in the mass cannot be observed experimentally.
c. Strongly entangled phase When f has a nontrivial
dependence on Q, or λ has nontrivial dependence on the
space-time, the effective mass of the particle will not only
be different from its bare mass, but may also change with
time and position. More importantly, the vector parti-
cles can be created or annihilated from the space-time
continuum.
IV. COSMOLOGICAL EVOLUTION OF THE
FLAT FRIEDMANN-ROBERTSON-WALKER
UNIVERSE IN THE WEYL TYPE f(Q,T )
GRAVITY
In the following we will proceed to the investigation of
the cosmological applications of the Weyl type f(Q, T )
8theory. We assume that the geometry of the Universe
is described by the isotropic, homogeneous and spatially
flat Friedmann-Robertson-Walker metric, given by
ds2 = −dt2 + a2(t)δijdxidxj , (52)
where a is the scale factor. Due to spatial symmetry, the
vector field is taken to be of the form
wµ = [ψ(t), 0, 0, 0]. (53)
Therefore w2 = wµw
µ = −ψ2(t), giving Q = −6w2 =
6ψ2(t).
Moreover, we adopt a comoving coordinate system
with uµ = (−1, 0, 0, 0). In this case, uµ∇µ = d/dt and
H = a˙/a. We also fix the Lagrangian of the perfect fluid
to be Lm = p. As a result, we obtain
T µν = diag(−ρ, p, p, p),
and
Θµν = δ
µ
ν p− 2T µν = diag(2ρ+ p,−p,−p,−p). (54)
A. The generalized Friedmann equations
For the cosmological case the flat space constraint, and
the generalized Proca equation can be represented as
ψ˙ = H˙ + 2H2 + ψ2 − 3Hψ, (55)
λ˙ =
(
−1
6
m2 − 2κ2fQ − 2λ
)
ψ = −1
6
m2effψ, (56)
∂iλ = 0. (57)
From Eqs. (30) we obtain the generalized Friedmann
equations as
κ2fT (ρ+ p) +
1
2
ρ =
κ2
2
f −
(
6κ2fQ +
1
4
m2
)
ψ2
− 3λ(ψ2 −H2)− 3λ˙(ψ −H), (58)
−1
2
p =
κ2
2
f +
m2ψ2
4
+ λ(3ψ2 + 3H2 + 2H˙)
+ (3ψ + 2H)λ˙+ λ¨. (59)
With the use of Eqs. (55) and Eq. (56) we eliminate
all the derivatives of λ, and then we take the sum of the
two equations above. Hence we obtain a simpler set of
the cosmological evolution equations, given by
1
2
(
1 + 2κ2fT
)
ρ+ κ2fT p =
κ2
2
f +
m2ψ2
4
+ 3λ
(
H2 + ψ2
)− 1
2
m2effHψ, (60)
1
2
(
1 + 2κ2fT
)
(ρ+ p) =
m2eff
6
(
ψ˙ + ψ2 −Hψ
)
+ 2κ2 ˙fQψ − 2λH˙. (61)
By substituting ψ˙ as given by Eq. (56) in Eq. (61) we
obtain
1
2
(
1 + 2κ2fT
)
(ρ+ p) = −2λ
(
1− m
2
eff
12λ
)
H˙ +
m2eff
3
(
H2 + ψ2 − 2Hψ)+ 2κ2f˙Qψ. (62)
The energy balance equation can be obtained as
ρ˙+ 3H(ρ+ p) =
1
1 + 2κ2fT
[
2κ2(ρ+ p)f˙T − fT (ρ˙− p˙)
]
.
(63)
The generalized Friedmann equations (60) and (61)
can be reformulated in an effective form as
3H2 =
1
2λ
(ρ+ ρeff ) , (64)
2H˙ = − 1
2λ
(ρ+ ρeff + p+ peff ) , (65)
where
ρeff = m
2
effHψ + 2κ
2fT (ρ+ p)− κ2f − m
2ψ2
2
− 6λψ2,
(66)
and
peff =
m2eff
3
(
ψ˙ + ψ2 − 4Hψ
)
+ κ2f + 4κ2f˙Qψ
+
m2ψ2
2
+ 6λψ2, (67)
respectively. In the limiting case f = 0, ψ = 0, and
λ = κ2, the gravitational action (25) reduces to the
standard Hilbert-Einstein form. In this case ρeff = 0,
peff = 0, and Eqs. (64) and (65) reduce to the stan-
dard Friedmann equations of general relativistic cosmol-
ogy, 3H2 = 1/2κ2ρ, and 2H˙ = −1/2κ2 (ρ+ p), respec-
tively.
In order to describe the accelerated/decelerated nature
of the cosmological expansion we introduce the decelera-
tion parameter q, defined as
q =
d
dt
1
H
− 1 = − H˙
H2
− 1. (68)
With the use of the generalized Friedmann equations
(64) and (65) we obtain for the deceleration parameter
the expressions
q =
ρ+ ρeff + 3 (p+ peff )
2 (ρ+ ρeff )
, (69)
and
9q =
ρ+ 3p+m2eff
(
ψ˙ + ψ2 − 3Hψ
)
+ 2κ2fT (ρ+ p) + 2κ
2f + 12κ2f˙Qψ +m
2ψ2 + 12λψ2
ρ+m2effHψ + 2κ
2fT (ρ+ p)− κ2f −m2ψ2/2− 6λψ2 , (70)
respectively.
1. Dimensionless form of the generalized Friedmann
equations
In order to facilitate the comparison of the theoreti-
cal results with the cosmological observations, instead of
the usual time variable t, we introduce, as independent
variable the redshift z, defined according to
1 + z =
1
a
, (71)
where we have used a normalization of the scale factor by
imposing the condition that its present day value is one,
a(0) = 1. Therefore we can replace the derivatives with
respect to the time with the derivatives with respect to
the redshift according to the relation
d
dt
=
dz
dt
d
dz
= −(1 + z)H(z) d
dz
. (72)
As a function of the cosmological redshift the deceleration
parameter q can be obtained as
q(z) = (1 + z)
1
H(z)
dH(z)
dz
− 1. (73)
In the following we assume that the cosmological matter
satisfies the linear barotropic equation of state p = (γ −
1)ρ, where γ is a constant, and 1 ≤ γ ≤ 2.
To simplify the mathematical representation of the
generalized Friedmann equations we introduce a set of
dimensionless variable
(
τ, h, r,Λ,Ψ, Q˜
)
, defined as
τ = H0t,H = H0h, ρ = 6κ
2H20r, T = 6κ
2H20 T˜ ,
λ = κ2Λ, ψ = H0Ψ, Q = H
2
0 Q˜, f = H
2
0F (74)
where H0 represents a fixed value of the Hubble function,
which may correspond, for example, to the present age
of the Universe, or to the end of the inflationary phase
of the early Universe. Moreover, Q˜ = 6Ψ2. Then from
equations (56), (57), (60) and (61), the equations describ-
ing the cosmological evolution in the Weyl type f(Q, T )
gravity take the form
dΨ
dτ
=
dh
dτ
+ 2h2 +Ψ2 − 3hΨ, (75)
dΛ
dτ
= −
(
M2
6
+ 2FQ˜ + 2Λ
)
Ψ = −1
6
M2effΨ, (76)
dh
dτ
=
1
1−M2eff/12Λ
[
− γ
2
(3 + FT¯ )
r
Λ
+
Ψ
Λ
dFQ˜
dτ
+
M2eff
6Λ
(
h2 +Ψ2 − 2hΨ)
]
, (77)
r =
1
2 (3 + γFT˜ )
[
F +
M2Ψ2
2
+ 6Λ
(
h2 +Ψ2
)−M2effhΨ
]
, (78)
where we have denoted
M2eff =M
2 + 12FQ˜ + 12Λ, (79)
with M2 = m2/κ2.
B. The de Sitter solution
Before we consider more complicated cosmological
models, we first investigate a simpler problem, namely,
the existence of a de Sitter type vacuum solution of the
cosmological field equations. The de Sitter solution cor-
responds to ρ = p = 0 and H = H0 = constant, respec-
tively, implying r = 0, and h = constant, respectively. In
this case Eq. (75) can be solved exactly for Ψ(t), giving
Q˜ (τ) = 6h2
[
1 +
h−Ψ0
(Ψ0 − 2h) eh(τ−τ0) + (h−Ψ0)
]2
,
(80)
where Ψ0 ≡ Ψ(τ = τ0).
The simplest possibility of obtaining a de Sitter type
solution that satisfies all the field equations is to assume
that M2eff = 0. Then Eq. (76) immediately gives Λ =
Λ0 = constant, while from Eq. (79) we obtain for F the
simple differential equation
FQ˜ = −
1
12
(
M2 + 12Λ0
)
, (81)
with the general solution
F
(
Q˜, T˜
)
= − 1
12
(
M2 + 12Λ0
)
H20 Q˜+ g(T˜ ), (82)
where g(T˜ ) is an arbitrary integration function of the
trace of the energy-momentum tensor. For this func-
tional form of F Eq. (77) is identically satisfied, while
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Eq. (78) reduces to g(T˜ )+2Λ0h
2 = 0, which implies that
the function g
(
T˜
)
must be a constant. Hence, a time
varying scalar non-metricity Q as given by Eq. (80) can
trigger a de Sitter type accelerated expansion of the Uni-
verse. In the limit of large times τ →∞, Q˜→ 6h2, thus
becoming a constant.
V. PARTICULAR COSMOLOGICAL MODELS
In the present Section we will investigate some specific
cosmological models in the Weyl type f(Q, T ) gravity
theory, models that correspond to different choices of the
function f(Q, T ), describing the nonminimal coupling be-
tween the scalar nonmetricity and matter. We will also
perform a comparison of the behavior of the geometric
and physical cosmological quantities in the Weyl type
f(Q, T ) gravity with the standard ΛCDM model, which
is based on the observational discovery of the accelerating
expansion of the Universe [88–92].
High precision cosmological data have been obtained
from the recent study of the Cosmic Microwave Back-
ground Radiation by the Planck satellite [93–95]. In our
analysis we will adopt the simplifying assumption that
the late Universe contains dust matter only, having neg-
ligible thermodynamic pressure. Then the standard gen-
eral relativistic energy conservation equation ρ˙+3Hρ = 0
gives for the variation of matter energy density the ex-
pression ρ = ρ0/a
3 = ρ0(1 + z)
3, where ρ0 is the present
day matter density. The variation of the Hubble function
can be obtained as a function of the scale factor in the
form [93]
H = H0
√
(Ωb +ΩDM ) a−3 +ΩΛ, (83)
where Ωb, ΩDM ,and ΩΛ are the density parameters of
the baryonic matter, of the cold (pressureless) dark mat-
ter, and of the dark energy (interpreted as a cosmologi-
cal constant), respectively. The three density parameters
satisfy the important relation Ωb + ΩDM + ΩΛ = 1, in-
dicating that the geometry of the Universe is flat. In a
dimensionless form and as a function of the redshift the
Hubble function H(z) = H0h(z) can be written as
h(z) =
√
(ΩDM +Ωb) (1 + z)
3
+ΩΛ. (84)
The deceleration parameter can be obtained as a func-
tion of the redshift in the form
q(z) =
3(1 + z)3 (ΩDM +Ωb)
2 [ΩΛ + (1 + z)3 (ΩDM +Ωb)]
− 1. (85)
In our analysis for the density parameters we will adopt
the numerical values ΩDM = 0.2589, Ωb = 0.0486, and
ΩΛ = 0.6911 [93], respectively, obtained from the Planck
data. For the total matter density parameter Ωm =
ΩDM + Ωb we find the numerical value Ωm = 0.3089.
These numerical values of the cosmological parameters
give for the present day value of the deceleration parame-
ter q(0) = −0.5381, indicating an accelerating expansion
of the Universe. In the standard ΛCDM cosmological
model the variation of the dimensionless matter density
with respect to the redshift is given by the expression
r(z) = Ωm(1 + z)
3 = 0.3089(1 + z)3.
In the following we will restrict our investigations to
the case of a dust Universe with γ = 1.
A. f(Q,T ) = αQ+ β
6κ2
T
As a first example of a cosmological model in the Weyl
type f(Q, T ) gravity we will consider the case in which
the function f(Q, T ) can be represented as
f(Q, T ) = αQ+
β
6κ2
T, (86)
where α and β are constants. After rescaling the vari-
ables we obtain for the dimensionless function F
(
Q˜, T˜
)
the expression F
(
Q˜, T˜
)
= αQ˜ + βT˜ . Hence FQ˜ = α,
and FT˜ = β, respectively. For this form of the coupling
function the gravitational field equations (75)-(78) take
the form
−(1 + z)h(z)dΨ(z)
dz
= −(1 + z)h(z)dh
dz
+ 2h2(z)
+ψ2(z)− 3h(z)ψ(z), (87)
(1 + z)h(z)
dΛ(z)
dz
=
1
6
M2eff (z)Ψ(z), (88)
−(1 + z)h(z)dh(z)
dz
=
1
1−M2eff (z)/12Λ(z)
×
{
− γ
2
(3 + β)
r(z)
Λ(z)
+
Meff (z)
2
6Λ(z)
[
h2(z) + Ψ2(z)
−2h(z)Ψ(z)
]}
, (89)
with
M2eff (z) =M
2 + 12α+ 12Λ(z), (90)
and
r(z) =
Ψ(z) [Ψ(z)− 2h(z)]M2eff (z)
2(β + 6)
+
6h2(z)Λ(z)
β + 6
, (91)
respectively. The system of differential equations
Eqs. (87)-(89) must be integrated with the initial con-
ditions h(0) = 1, Ψ(0) = Ψ0, and Λ(0) = Λ0. The model
depends on three free parameters M2 (the mass of the
Weyl field), and α and β, respectively, indicating the
strengths of the Weyl geometry-matter coupling.
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FIG. 1: Variation as a function of the redshift of the dimen-
sionless Hubble function h(z) for the geometry-matter cou-
pling function F
(
Q˜, T˜
)
= αQ˜+βT˜ for α = −1.95, M = 0.95,
and for different values of β: β = −2.64 (dotted curve),
β = −2.78 (short dashed curve), β = −2.91 (dashed curve),
β = −3.07 (long dashed curve), and β = −3.24 (ultra-long
dashed curve). To integrate the system of cosmological evo-
lution equations we have used the initial conditions h(0) = 1,
Ψ(0) = 0.555, and Λ(0) = 0.568. The solid curve represents
the evolution of the Hubble function in the standard ΛCDM
cosmological model.
The variations as a function of redshift of the Hub-
ble function, of the deceleration parameter, of the Weyl
vector field, and of the Lagrangian multiplier are repre-
sented in Figs. 1-4. To obtain the figures we have fixed
the numerical value of the dimensionless mass M2 of the
Weyl field, and the initial conditions for the Weyl vec-
tor Ψ, and of the Lagrangian multiplier Λ. Moreover,
we have fixed the value of the parameter α, and varied
only the parameter β in the geometry-matter coupling
function F .
As one can see from Fig. 1. the Hubble function is
a monotonically increasing function of the redshift (a
monotonically decreasing function of time). The evolu-
tion of h(z) is strongly dependent on the model param-
eters, as well as of the initial conditions for Ψ and Λ.
For the chosen set of parameters the model is basically
equivalent with the standard ΛCDM model for a redshift
range of the order of z ∈ (0, 1.25). However, at higher
redshifts z > 1.25 significant differences between the be-
havior of the Hubble function in the Weyl type f(Q, T )
gravity and in the standard ΛCDM model do appear,
with the f(Q, T ) model having much higher numerical
values, corresponding to a faster expansion rate.
The deceleration parameter q(z), represented in Fig. 2,
shows also a significant dependence on the numerical val-
ues of the model parameters. While in the redshift range
z ∈ (0, 0.5) the model can reproduce well the results of
the standard ΛCDM model, for higher redshifts the de-
celeration parameter takes much larger positive values as
0.0 0.5 1.0 1.5 2.0
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-0.5
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z
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)
FIG. 2: Variation as a function of the redshift of the de-
celeration parameter q(z) for the geometry-matter coupling
function F
(
Q˜, T˜
)
= αQ˜ + βT˜ for α = −1.95, M = 0.95,
and for different values of β: β = −2.64 (dotted curve),
β = −2.78 (short dashed curve), β = −2.91 (dashed curve),
β = −3.07 (long dashed curve), and β = −3.24 (ultra-long
dashed curve). To integrate the system of cosmological evo-
lution equations we have used the initial conditions h(0) = 1,
Ψ(0) = 0.555, and Λ(0) = 0.568. The solid curve represents
the evolution of the deceleration parameter in the standard
ΛCDM cosmological model.
compared to the ΛCDM case, indicating a decelerating
evolution followed by a quicker transition to the acceler-
ating phase. However, both models enter in the acceler-
ating phase with q < 0 at the same redshift z ≈ 0.5,
a numerical value that is roughly independent on the
numerical values of the considered particular Weyl type
f(Q, T ) gravity model.
The Weyl vector Ψ, whose evolution is depicted in
Fig. 3, shows a complex evolution during the cosmolog-
ical expansion. For redshifts in the range z ∈ (0, 1), as
a function of the redshift the Weyl vector monotonically
decreases (increases in time), reaching a minimum value
at a redshift of around 1. For z > 1 the Weyl vector be-
comes an increasing function of the redshift (a decreasing
function of time). The evolution of Ψ is strongly depen-
dent on the model parameters, and a large variety of
behaviors are possible. The beginning of the transition
towards an accelerating phase of the Universe at a red-
shift of around z ≈ 1 is due to the change in the behavior
of the Weyl vector, which, after decreasing in time in the
early stages of the expansion of the Universe, experiences
a transition to an increasing phase, thus triggering the
recent cosmological acceleration.
The Lagrange multiplier Λ, portrayed in Fig. 4, is a
monotonically decreasing function of the redshift, and
thus an increasing function of the cosmological time. For
low redshifts in the range (0, 0.5) the evolution of Λ is ba-
sically independent on the model parameters. However,
at higher redshifts, Λ(z) strongly depends on the numer-
ical values of the model parameters, and for z > 0.5 it
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FIG. 3: Variation as a function of the redshift of the Weyl vec-
tor component Ψ(z) for the geometry-matter coupling func-
tion F
(
Q˜, T˜
)
= αQ˜ + βT˜ for α = −1.95, M = 0.95, and
for different values of β: β = −2.64 (solid curve), β = −2.78
(dotted curve), β = −2.91 (short dashed curve), β = −3.07
(dashed curve), and β = −3.24 (long dashed curve). To
integrate the system of cosmological evolution equations we
have used the initial conditions h(0) = 1, Ψ(0) = 0.555, and
Λ(0) = 0.568.
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FIG. 4: Variation as a function of the redshift of the Lagrange
multiplier Λ(z) for the geometry-matter coupling function
F
(
Q˜, T˜
)
= αQ˜+βT˜ for α = −1.95, M = 0.95, and for differ-
ent values of β: β = −2.64 (solid curve), β = −2.78 (dotted
curve), β = −2.91 (short dashed curve), β = −3.07 (dashed
curve), and β = −3.24 (long dashed curve). To integrate the
system of cosmological evolution equations we have used the
initial conditions h(0) = 1, Ψ(0) = 0.555, and Λ(0) = 0.568.
takes negative numerical values.
B. f(Q,T ) = α
6H2
0
κ2
QT
As a second example of a cosmological model in the
Weyl type f(Q, T ) gravity we assume that the function
f(Q, T ) can be represented as f(Q, T ) =
(
α/6H20κ
2
)
QT ,
where α is a constant. Then we obtain successively
F
(
Q˜, T˜
)
= αQ˜T˜ , FT˜ = αQ˜ = 6Ψ
2, and fQ˜ − αT˜ = αr,
respectively. The system of differential equations describ-
ing the cosmological evolution in this model takes the
form
−(1 + z)h(z)dΨ(z)
dz
= −(1 + z)h(z)dh
dz
+ 2h2(z)
+ψ2(z)− 3h(z)ψ(z), (92)
(1 + z)h(z)
dΛ(z)
dz
=
1
6
M2eff (z)Ψ(z), (93)
−(1 + z)h(z)dh(z)
dz
=
1
1−M2eff (z)/12Λ(z)
×
{
− 3γ
2
[
1 + 2αΨ2(z)
] r(z)
Λ(z)
− α(1 + z)h(z)Ψ(z)
Λ(z)
dr(z)
dz
+
Meff (z)
2
6Λ(z)
[
h2(z) + Ψ2(z)− 2h(z)Ψ(z)
]}
, (94)
where
M2eff(z) =M
2 + 12αr(z) + 12Λ(z), (95)
and
r(z) =
1
12 {αΨ(z) [2h(z) + (2γ − 1)Ψ(z)] + 1} ×{
2h(z)Ψ(z)
[
M2 + 12Λ(z)
]
+ 12h2(z)Λ(z)
+Ψ2(z)
[
M2 + 12Λ(z)
]}
, (96)
respectively. The system of strongly nonlinear system of
differential equations (92)-(94) must be integrated with
the initial conditions h(0) = 1, and Ψ(0) = Ψ0 and
Λ(0) = Λ0, respectively. The variations of the Hubble
function, matter density, deceleration parameter, Weyl
vector field, and of the Lagrange multiplier are repre-
sented in Figs. 5-9. To obtain the figures we have fixed
the initial (present day) values of the Weyl vector and of
the Lagrange multiplier, and we have slightly varied the
numerical value of α.
The variation of the Hubble function in this model is
represented in Fig. 5. In the considered redshift range the
Hubble function is an increasing function of z (a decreas-
ing function of time). Up to a redshift z ≈ 1 the model
can give a good alternative description of the standard
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FIG. 5: Variation as a function of the redshift of the dimen-
sionless Hubble function h(z) for the geometry-matter cou-
pling function F
(
Q˜, T˜
)
= αQ˜T˜ for M = 0.98, and for differ-
ent values of α: α = −0.72 (dotted curve), α = −0.77 (short
dashed curve), α = −0.80 (dashed curve), α = −0.81 (long
dashed curve), and α = −0.82 (ultra-long dashed curve). To
integrate the system of cosmological evolution equations we
have used the initial conditions h(0) = 1, Ψ(0) = 0.455, and
Λ(0) = 0.335. The solid curve represents the evolution of the
Hubble function in the standard ΛCDM cosmological model.
ΛCDM model. For higher redshifts the differences be-
tween the predictions of the Weyl type f(Q, T ) gravity
and the standard cosmological model become significant,
with the Weyl type f(Q, T ) gravity predicting, at least
for the chosen set of parameters, higher numerical val-
ues, and a more significant increase with respect to z of
h(z). The variation of h(z) is relatively independent of
the variation of the values of α.
The variation with the redshift of the matter energy
density r(z) is represented in Fig. 6. The energy density
is an increasing function of z, or, equivalently, a decreas-
ing function of the cosmological time. As one can see
from the Figure, the Weyl type f(Q, T ) ∝ QT model can
give a good alternative description of the matter dynam-
ics, with some values of the model parameter α reproduc-
ing almost exactly the standard ΛCDM model up to the
redshift z ≈ 1.5. However, the matter density is strongly
dependent on the choice of the model parameter α, and
a large number of evolutionary scenarios for matter can
be constructed by varying the values of α.
The deceleration parameter of the model, depicted in
Fig. 7, is also strongly dependent on the numerical val-
ues of α, and thus allows the possibility of constructing
a large number of cosmological evolutionary expansions.
For z < 0.5 we obtain a good qualitative concordance
with the predictions of the standard cosmology. Cos-
mological phases with a de Sitter type expansion with
q = −1 can also be obtained. However, the nature of
the transition to the accelerating phase is different in the
Weyl and standard cosmology. Up to redshifts of around
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FIG. 6: Variation as a function of the redshift of the matter
energy density r(z) for the geometry-matter coupling function
F
(
Q˜, T˜
)
= αQ˜T˜ for M = 0.98, and for different values of α:
α = −0.72 (dotted curve), α = −0.77 (short dashed curve),
α = −0.80 (dashed curve), α = −0.81 (long dashed curve),
and α = −0.82 (ultra-long dashed curve). To integrate the
system of cosmological evolution equations we have used the
initial conditions h(0) = 1, Ψ(0) = 0.455, and Λ(0) = 0.335.
The solid curve represents the evolution of the matter density
in the standard ΛCDM cosmological model.
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FIG. 7: Variation as a function of the redshift of the de-
celeration parameter q(z) for the geometry-matter coupling
function F
(
Q˜, T˜
)
= αQ˜T˜ for M = 0.98, and for different
values of α: α = −0.72 (dotted curve), α = −0.77 (short
dashed curve), α = −0.80 (dashed curve), α = −0.81 (long
dashed curve), and α = −0.82 (ultra-long dashed curve). To
integrate the system of cosmological evolution equations we
have used the initial conditions h(0) = 1, Ψ(0) = 0.455, and
Λ(0) = 0.335. The solid curve represents the evolution of the
deceleration parameter in the standard ΛCDM cosmological
model.
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FIG. 8: Variation as a function of the redshift of the Weyl vec-
tor component Ψ(z) for the geometry-matter coupling func-
tion F
(
Q˜, T˜
)
= αQ˜T˜ for M = 0.98, and for different values
of α: α = −0.72 (dotted curve), α = −0.77 (short dashed
curve), α = −0.80 (dashed curve), α = −0.81 (long dashed
curve), and α = −0.82 (ultra-long dashed curve). To in-
tegrate the system of cosmological evolution equations we
have used the initial conditions h(0) = 1, Ψ(0) = 0.455, and
Λ(0) = 0.335.
z ≈ 1, the deceleration parameter is roughly a constant
in the range q ∈ (0.5, 1), and the Universe is decelerating.
Then the Universe began to accelerate, and after a short
cosmological time interval it entered in an accelerating
phase, with q < 0. The value of α determines the nature
of the final stages of the accelerating evolution.
The Weyl vector, whose behavior is indicated in Fig. 8,
is a monotonically decreasing function of z, and a mono-
tonically increasing function of the cosmological time.
The temporal increase of Ψ triggers the late acceleration
of the Universe, with the rate of change of Ψ becoming
significant after the redshift z ≈ 1. The evolution of Ψ is
strongly dependent on the numerical values of the model
parameter α, as well as of the initial conditions adopted
to integrate the cosmological evolution equation.
The evolution of the Lagrange multiplier Λ(z), repre-
sented in Fig. 9, is strongly dependent on the numerical
values of α, and indicates a complex behavior. For larger
values of α, Λ(z) shows an oscillating behavior, with in-
creasing phases alternating with decreasing ones. For
smaller values of α the Lagrange multiplier is a mono-
tonically decreasing function of z, indicating its increase
in time. In the present model the combined effects of
Ψ and Λ at low redshifts determine the transition of the
Universe from a decelerating to an accelerating phase.
C. f(Q,T ) = ηH20e
µ
6H2
0
Q
+ ν
6κ2
T
As a third possible cosmological model in the Weyl
type f(Q, T ) gravity we will consider the case in
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FIG. 9: Variation as a function of the redshift of the Lagrange
multiplier Λ(z) for the geometry-matter coupling function
F
(
Q˜, T˜
)
= αQ˜T˜ for M = 0.98, and for different values of α:
α = −0.72 (dotted curve), α = −0.77 (short dashed curve),
α = −0.80 (dashed curve), α = −0.81 (long dashed curve),
and α = −0.82 (ultra-long dashed curve). To integrate the
system of cosmological evolution equations we have used the
initial conditions h(0) = 1, Ψ(0) = 0.455, and Λ(0) = 0.335.
which the function f(Q, T ) is given by f(Q, T ) =
ηH20e
(µ/6H20 )Q +
(
ν/6κ2
)
T , where η, µ and ν are con-
stants. Hence we obtain F
(
Q˜, T˜
)
= ηeµQ˜/6 + νr,
FQ˜ = (ηµ/6)e
µQ˜/6, and FT˜ = ν, respectively. In the
following for simplicity we assume that ηµ/6 = 1. For
this choice of the function f(Q, T ) the cosmological evo-
lution equations take the form
−(1 + z)h(z)dΨ(z)
dz
= −(1 + z)h(z)dh
dz
+ 2h2(z)
+ψ2(z)− 3h(z)ψ(z), (97)
(1 + z)h(z)
dΛ(z)
dz
=
1
6
M2eff (z)Ψ(z), (98)
−(1 + z)h(z)dh(z)
dz
=
1
1−M2eff (z)/12Λ(z)
×
{
− γ
2
(3 + ν)
r(z)
Λ(z)
− µ(1 + z)h(z)Ψ
2(z)
Λ(z)
dΨ(z)
dz
×
eµΨ
2(z) +
Meff (z)
2
6Λ(z)
[
h2(z) + Ψ2(z)− 2h(z)Ψ(z)
]}
,
(99)
where
M2eff (z) =M
2 + 12eµΨ
2(z) + 12Λ(z), (100)
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FIG. 10: Variation as a function of the redshift of the di-
mensionless Hubble function h(z) for the geometry-matter
coupling function F
(
Q˜, T˜
)
= ηeµQ˜/6 + νT˜ for M = 1.7,
η = 6/µ, ν = 20, and for different values of µ: µ = 1.7 (dot-
ted curve), µ == 1.5 (short dashed curve), µ = 1.3 (dashed
curve), µ = 1.1 (long dashed curve), and µ = 0.9 (ultra-long
dashed curve). To integrate the system of cosmological evo-
lution equations we have used the initial conditions h(0) = 1,
Ψ(0) = 0.058, and Λ(0) = 0.0235. The solid curve represents
the evolution of the Hubble function in the standard ΛCDM
cosmological model.
and
r(z) = −h(z)Ψ(z)
[
M2 + 12Λ(z)
]
ν + 6
+
6h2(z)Λ(z)
ν + 6
−6e
µΨ2(z) [2µh(z)Ψ(z)− 1]
µ(ν + 6)
+
Ψ2(z)
[
M2 + 12Λ(z)
]
2(ν + 6)
,
(101)
respectively. The system of equations (97)-(99) must be
integrated with the initial conditions h(0) = 1, Ψ(0) =
Ψ0 and Λ(0) = Λ0, respectively. The variations with
the redshift of the Hubble function h(z), matter energy
density r(z), deceleration parameter q(z), Weyl vector
Ψ(z), and of the Lagrange multiplier Λ(z) are represented
in Figs. 10-14, respectively.
The variation of the Hubble function in this model is
represented in Fig. 10. The Hubble function of this model
is an increasing function of z (a decreasing function of
time), indicating an expansionary evolution of the Uni-
verse. Up to a redshift z ≈ 0.5 the model reproduces
well the standard ΛCDM model, and for the redshift
range z ∈ (0, 0.5), the cosmological evolution does not
depend significantly on the numerical values of the pa-
rameters. For redshifts z > 0.5 the differences between
the predictions of the Weyl type F
(
Q˜, T˜
)
= ηeµQ˜/6+νT˜
gravitational model and the standard cosmological model
become important, with the present Weyl type f(Q, T )
gravity model predicting, for the chosen set of parame-
ters, much higher numerical values, and a rapid increase
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FIG. 11: Variation as a function of the redshift of the matter
energy density r(z) for the geometry-matter coupling function
F
(
Q˜, T˜
)
= ηeµQ˜/6 + νT˜ for M = 1.7, η = 6/µ, ν = 20, and
for different values of µ: µ = 1.7 (dotted curve), µ == 1.5
(short dashed curve), µ = 1.3 (dashed curve), µ = 1.1 (long
dashed curve), and µ = 0.9 (ultra-long dashed curve). To
integrate the system of cosmological evolution equations we
have used the initial conditions h(0) = 1, Ψ(0) = 0.058, and
Λ(0) = 0.0235. The solid curve represents the evolution of the
matter density in the standard ΛCDM cosmological model.
of h(z) with respect to z. At high redshifts the variation
of h(z) is strongly dependent on the numerical values of
the parameter µ.
The variation with the redshift of the matter energy
density r(z) is represented in Fig. 11. The energy den-
sity is an increasing function of z, with the matter energy
density decreasing in time. For small redshifts 0 ≤< 1
the predictions of the Weyl type F
(
Q˜, T˜
)
= ηeµQ˜/6+νT˜
gravity reproduce well the standard ΛCDM cosmological
model, while in the redshift range z < 0.5 the predictions
of the two models are very close. In the small redshift
range the evolution is independent on the model param-
eters. At larger redshifts the matter density becomes
strongly dependent on the model parameters, and signif-
icant differences do appear as compared to the standard
cosmology, with the matter density taking much higher
values.
The deceleration parameter of the model, represented
in Fig. 12, shows important differences with respect to
the ΛCDM model. If for small redshifts one could find a
set of parameters that reproduce relatively well standard
cosmology, at higher redshifts both the qualitative and
quantitative differences become important. The Universe
still strongly decelerates at redshifts z > 0.5, with the de-
celeration parameter taking values of q ≈ 2. At a redshift
of around z ≈ 0.5, the Universe experiences a transition
to an accelerating phase, and after a short cosmological
interval the deceleration parameter takes negative values.
The final evolutionary stages are strongly dependent on
the model parameters, and the Universe can enter in a de
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FIG. 12: Variation as a function of the redshift of the deceler-
ation parameter q(z) for the geometry-matter coupling func-
tion F
(
Q˜, T˜
)
= ηeµQ˜/6 + νT˜ for M = 1.7, η = 6/µ, ν = 20,
and for different values of µ: µ = 1.7 (dotted curve), µ == 1.5
(short dashed curve), µ = 1.3 (dashed curve), µ = 1.1 (long
dashed curve), and µ = 0.9 (ultra-long dashed curve). To
integrate the system of cosmological evolution equations we
have used the initial conditions h(0) = 1, Ψ(0) = 0.058, and
Λ(0) = 0.0235. The solid curve represents the evolution of the
deceleration parameter in the standard ΛCDM cosmological
model.
Sitter phase with q ≈ −1. Cosmological scenarios with
q < −1 can also be obtained within this model.
The Weyl vector, presented in Fig. 13, is a monoton-
ically decreasing function of z, and a monotonically in-
creasing function of time. It takes negative values, except
for a small redshift range near the origin z = 0. The late
acceleration of the Universe is determined by the increase
of Ψ. For high redshifts the evolution of Ψ depends sig-
nificantly on the numerical values of the model param-
eters, and on the initial conditions used to numerically
integrate the cosmological evolution equation.
The Lagrange multiplier Λ(z), shown in Fig. 14, is also
a monotonically decreasing function of the redshift. Ex-
cept for a small region near the origin z = 0 it takes neg-
ative values. For higher redshifts the evolution of Λ(z)
depends strongly on the model parameters.
VI. DISCUSSIONS AND FINAL REMARKS
Despite its initial success in describing the cosmologi-
cal observations, presently several disagreements between
the ΛCDM model and observations raise the possibility
that in fact standard cosmology is just an approxima-
tion of a more realistic theory. Beyond the ”standard”
problems of dark matter and dark energy, a number of
other inconsistencies do appear when confronting the
model with astronomical data. For example, the value
of the Hubble constant obtained from the Planck CMB
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FIG. 13: Variation as a function of the redshift of the Weyl
vector component Ψ(z) for the geometry-matter coupling
function F
(
Q˜, T˜
)
= ηeµQ˜/6 + νT˜ for M = 1.7, η = 6/µ,
ν = 20, and for different values of µ: µ = 1.7 (dotted
curve), µ == 1.5 (short dashed curve), µ = 1.3 (dashed
curve), µ = 1.1 (long dashed curve), and µ = 0.9 (ultra-long
dashed curve). To integrate the system of cosmological evo-
lution equations we have used the initial conditions h(0) = 1,
Ψ(0) = 0.058, and Λ(0) = 0.0235.
anisotropies is significantly smaller than the values de-
rived by using the luminosity distances of supernovae
[96]. Moreover, recent cosmic shear surveys have shown
that the combination of the matter density Ωm, param-
eterized by the S8 ≡ σ8
√
Ωm/0.3 parameter, and of the
amplitude of the dark matter fluctuations σ8 on scales of
the order of 8 Mpc h−1 is significantly smaller than the
value obtained from the Planck data and the assumption
of the ΛCDM model [97]. In [98] it was shown that a
combined analysis of the CMB anisotropy power spectra,
obtained by the Planck satellite, and luminosity distance
data simultaneously excludes a flat Universe and a cos-
mological constant at 99% C.L. These results are valid
when combining Planck with three different datasets.
From a theoretical point of view we are also witnessing
an interesting situation. One of the important moments
in the development of theoretical physics happened more
than one hundred years since Einstein did propose the
first geometric description of gravity, the general relativ-
ity theory, we are presently facing the unusual circum-
stance that at least three geometric descriptions of grav-
ity are possible. The different versions can be constructed
independently with the use of the three basic concepts
introduced in Riemannian geometry, and its extensions,
namely, the curvature, torsion and nonmetricity of the
spacetime, respectively. These intriguing developments
raise the fundamental question if a unique geometric de-
scription of gravity is really possible. Are the three in-
dependent descriptions of gravity completely equivalent,
or maybe they are only particular cases of a more gen-
eral geometric theory of gravity, which still needs to be
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FIG. 14: Variation as a function of the redshift of the La-
grange multiplier Λ(z) for the geometry-matter coupling func-
tion F
(
Q˜, T˜
)
= ηeµQ˜/6 + νT˜ for M = 1.7, η = 6/µ, ν = 20,
and for different values of µ: µ = 1.7 (dotted curve), µ == 1.5
(short dashed curve), µ = 1.3 (dashed curve), µ = 1.1 (long
dashed curve), and µ = 0.9 (ultra-long dashed curve). To
integrate the system of cosmological evolution equations we
have used the initial conditions h(0) = 1, Ψ(0) = 0.058, and
Λ(0) = 0.0235.
discovered?
In the present paper we have investigated a particular
representation of the third geometric description of grav-
ity, represented by the symmetric teleparallel gravity, or
f(Q) gravity, in which the basic quantity describing the
gravitational field is the nonmetricity Q. Moreover, we
have considered the class of theories, introduced in [82],
in which the nonmetricity Q is coupled nonminimally to
the trace of the matter energy-momentum tensor T . The
f(Q, T ) theory is constructed in a way similar to the
f(R, T ) theory [99, 100], but with the standard Ricci
scalar replaced by the nonmetricity that describes the
symmetric teleparallel formulation of gravity. Similarly
to the case of the standard curvature - matter couplings,
in the f(Q, T ) theory the coupling between Q and T leads
to the nonconservation of the energy-momentum tensor.
But, in the present approach to f(Q, T ) type gravity the-
ories, instead of keeping the nonmetricity Q arbitrary,
we have fixed it from the beginning, by using the pre-
scriptions of the Weyl geometry, in which the covariant
divergence of the metric tensor is given by the product
of the metric and of the Weyl vector wµ. The scalar non-
metricity is related in a simple way to the square of the
Weyl vector as Q = −6w2, and thus all the geometric
properties of the theory are determined by the Weyl vec-
tor and the metric tensor, respectively. To obtain the
gravitational field equations of the Weyl type f(Q, T )
gravity we have introduced a variational principle, which
generalizes the variational principle of the f(Q, T ) the-
ory, and whose gravitational sector is constructed from
three components. The first component is an arbitrary
function of the Weyl vector and of the trace of the mat-
ter energy-momentum tensor f(−6w2, T ). The second
component is represented by the kinetic term and the
mass term of the field, assumed to be massive. Finally,
we have adopted the teleparallel view on gravitation and
geometry, by assuming that the Ricci-Weyl scalar of the
spacetime identically vanishes. This condition is intro-
duced in the gravitational action via a Lagrange multi-
plier. By varying the gravitational action with respect
to the metric and the Weyl vector we have obtained the
system of gravitational field equations, which described
gravity in terms of the metric and a vector field, and
a generalized Proca type equation for the evolution of
the Weyl vector. We have performed our analysis of
the gravitational action in the framework of the metric-
affine formalism. The covariant divergence of the matter
energy-momentum tensor has also been obtained, and it
turns out that generally it is not conserved. The energy
and momentum balance equations have been derived ex-
plicitly from the matter nonconservation relation. The
nonconservation of the matter energy-momentum tensor
may have important physical implications, leading to sig-
nificant changes in the thermodynamics of the Universe,
similarly to those in the theories with geometry-matter
coupling [99–103]. Moreover, due to the nongeodesic mo-
tion of test particles induced by the geometry matter cou-
pling, in the present approach, similarly to other modi-
fied gravity theories [101, 105] an extra force acting on
massive particles is generated.
The investigations presented in the present paper may
also lead to a better understanding of the geometrical for-
mulation of gravity theories, including the aspects related
to the geometry-matter coupling. The present approach
allows a consistent representation of the f(Q, T ) type
theories with nonminimal curvature-matter coupling.
As a first observational test of the Weyl type f(Q, T )
gravity theory we have analyzed its cosmological impli-
cations. As a first step in this direction we have obtained
the generalized Friedmann equations of the Weyl type
f(Q, T ) theory. For the description of the Universe we
have adopted the homogeneous and isotropic Friedmann-
Lemaitre-Robertson-Walker type metric, describing the
cosmological evolution in a flat geometry. In the Weyl
type f(Q, T ) theory we can reformulate the generalized
Friedmann equations as the standard Friedmann equa-
tions of general relativity in which the ordinary mat-
ter energy density and pressure are replaced by some
effective quantities ρeff and peff . The effective ther-
modynamic parameters ρeff and peff depend first on
the function f(Q, T ) and of its derivatives with respect
to Q and T , which are effectively functions of the Weyl
vector and of the thermodynamic parameters of matter.
There is also an explicit dependence on the Weyl vector,
its time derivative, the mass of the vector field, and on
the Lagrange multiplier λ. The effective thermodynamic
energy also contains the linear combination of the ordi-
nary matter energy density and pressure, multiplied by
fT . Hence the basic equations describing the cosmologi-
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cal evolution in the Weyl type f(Q, T ) gravity can be for-
mulated in terms of two effective thermodynamic quanti-
ties, an energy density and pressure, respectively, which
depend on the matter energy and pressure components of
the energy-momentum tensor, on the Weyl vector, and
on the Lagrange multiplier, respectively. The function
f(Q, T ) and its derivatives are effective functions of the
Weyl vector and of T . Hence in the present model the
evolution of the Universe is controlled by the Weyl vec-
tor, the Lagrange multiplier, and the matter content. An
important indicator of the nature of the cosmological evo-
lution is the deceleration parameter. q can be expressed
in terms of the matter energy density and pressure, of the
Weyl vector, and of the Lagrange multiplier. The decel-
eration parameter has a complicated dependence on the
function f and of its derivatives. Hence, depending on
the functional form of f(Q, T ), a large variety of cosmo-
logical evolutions can be obtained in the framework of the
Weyl type f(Q, T ) gravity, including accelerating and de-
celerating cosmological expansions. For the vacuum case
when ρ = p = 0 we have also shown explicitly that the
field equations of Weyl type f(Q, T ) gravity theory do
have a de Sitter type solution, indicating that for late
times the vacuum Universe enters into an exponentially
accelerating phase with q = −1. From a mathemati-
cal point of view the generalized Friedmann equations
are given by a set of three highly nonlinear ordinary dif-
ferential equations, which generally can be solved only
numerically. To simplify the numerical analysis we have
reformulated the cosmological equations by introducing
a set of dimensionless variables. In order to facilitate
comparison with observations we have introduced as the
independent variable the cosmological redshift z. In our
investigations of the Weyl type f(Q, T ) gravity we have
also analyzed three distinct classes of cosmological mod-
els, obtained by choosing some specific simple functional
forms for the function f(Q, T ). In two of our examples
we have considered that Q and T enter in an additive
form in the structure of f(Q, T ). We have also analyzed
a model in which the function f is proportional to the
cross term product of Q and T , so that f ∝ QT . In
all three cases we have compared the predictions of the
Weyl type f(Q, T ) gravity theory with the results of the
standard ΛCDM cosmological model.
The f(Q, T ) = αQ + βT model can give a good de-
scription of the cosmological data up to redshifts of the
order of z ≈ 1− 1.5. Depending on the numerical values
of the model parameters a large variety of cosmological
scenarios can be constructed, including cosmological evo-
lutions of the de Sitter type, with the Universe expanding
exponentially. The model f(Q, T ) = αQβT also leads to
a good description of the standard cosmological model
at small redshifts, allowing by an appropriate choice of
the model parameters the construction of a large number
of accelerating scenarios, including de Sitter type expan-
sions. The third model with f(Q, T ) = ηeµQ + νT leads
to a complex cosmological dynamics, involving larger de-
viations from the standard ΛCDM model. In particu-
lar the Universe experiences a very rapid transition from
a decelerating phase with a large positive value of q to
an accelerating state with q < 0, and it can reach very
quickly a de Sitter type expansion.
In the Weyl type f(Q, T ) gravity theory the nature of
the cosmological evolution is strongly dependent on the
numerical values of the model parameters, as well as of
the functional form of f . For the specific models and the
range of cosmological parameters we have considered we
have obtained the basic result that the Universe began
its recent evolution in a decelerating phase, entering in
the large time limit z = 0 into an accelerating de Sitter
type stage. By slightly varying the model parameters we
can obtain a large spectrum of present day values for the
deceleration parameter. In general at low redshifts the
theoretical predictions of the Hubble parameter in the
Weyl type f(Q, T ) are similar to those of the standard
general relativistic cosmology in the presence of a cosmo-
logical constant. However, at higher redshifts significant
differences appear with respect to the ΛCDM model in
the behavior of the Hubble function, of the matter energy
density, and of the deceleration parameter. However, if
investigated for a larger range of functional forms of f
and of model parameters the Weyl type f(Q, T ) grav-
ity may represent an attractive alternative to the ΛCDM
cosmology, with the late time de Sitter phase induced by
the presence of the Weyl geometry, and its interaction
with matter.
The Weyl type f(Q, T ) gravity theory can be easily
generalized to include in the total action, together with
ordinary matter, scalar fields. Hence this opens the pos-
sibility of another application of the Weyl type f(Q, T )
theory, namely, the consideration of inflation in the pres-
ence of both Weyl type vector fields, and of scalar fields.
Such an approach may lead us to a completely new un-
derstanding of the gravitational, geometrical, and cosmo-
logical processes that did determine the dynamics of the
very early Universe. Another major topic that could be
investigated in the framework of the Weyl type f(Q, T )
gravity is cosmological structure formation, an analysis
that could be done with the use of a background metric.
For different choices of the f(Q, T ) function the SNIa,
BAO, and CMB shift parameter data can be used to ob-
tain constraints for the respective models, and for the
evolution of the Weyl vector and of the Lagrange multi-
plier. Such an approach may also allow the detailed inves-
tigation and study of structure formation in the Universe
from a different theoretical perspective. Another inter-
esting and important issue is obtaining the Newtonian
and the post-Newtonian limits of the Weyl type f(Q, T )
gravity theory, an analysis that could allow us to obtain
the constraints Solar System level gravity imposes on the
theory, and on the properties of the Weyl vector. Con-
straints arising from other astrophysical observations can
also be obtained by using the Newtonian limit.
In the present paper we have introduced a new model
of the symmetric teleparallel theory, in which the non-
metricity is constructed from its initial Weyl form. In
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this approach the gravitational phenomena can be fully
described by the Weyl vector, a Lagrange multiplier, and
the metric in a globally flat geometry. By using the vari-
ational formulation of the theory we have obtained the
basic equations of the model, and we have proven its the-
oretical consistency. The present results may also moti-
vate and encourage the study the applications of Weyl
theory, and of the further extensions of the f(Q) type
family of theories. We have also shown that the cosmol-
ogy of the Weyl type f(Q, T ) theory predicts a de Sitter
type expansions of the Universe, and it can give a satis-
factory description of the cosmological observations usu-
ally interpreted in the framework of the standard ΛCDM
model. Thus the Weyl type f(Q, T ) gravity theory may
represent a geometric alternative to dark energy, and per-
haps even dark matter. In the present study we have
proposed some basic theoretical methods for the investi-
gation of the geometric aspects of gravity, and of their
astrophysical and cosmological implications.
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Appendix A: Derivation of the field equations
In the present Appendix we will present the detailed
calculations used for the derivation of the field equations
of the Weyl type f(Q, T ) gravity theory.
1. Basic mathematical results
In this Subsection, we present some basic mathemati-
cal results necessary for the derivation of the field equa-
tions. First of all, we compute δQ/δgµ and δT/δgµν ,
δQ
δgµν
=
δ
δgµν
(−6wµwνgµν) = −6wµwν , (A1)
δT
δgµν
=
δ(gαβTαβ)
δgµν
= −Tµν + gµνLm, (A2)
where we have made use of Eq. (24).
Next we show that δWρσ/δg
µν = 0:
δ
δgµν
(∇σwρ) = δ
δgµν
(∂σwρ − Γτσρwτ ) = −
δΓτσρ
δgµν
wτ .
Similarly, we have
δ
δgµν
(∇ρwσ) = −
δΓτρσ
δgµν
wτ .
Since the tensor δΓτσρ is symmetric with respect to the
two lower indices, we obtain
δWρσ
δgµν
=
δ
δgµν
(∇σwρ −∇ρwσ) = 0. (A3)
2. Variation with respect to the metric
For future convenience we define some terms as follows
I1 ≡ δ
δgµν
[∫
d4x
√−gf(Q, T )
]
,
I2 ≡ δ
δgµν
∫
d4x
√−g (λR¯) ,
Sµν ≡ − 2√−g
δ
δgµν
[√−g(−1
4
WαβW
αβ − m
2
2
wαw
α
)]
,
Tµν ≡ − 2√−g
δ(
√−gLm)
δgµν
.
Here Tµν and S˜µν are the energy-momentum tensors
of the matter fields, and the vector field, respectively. A
straightforward calculation gives,
Sµν = −gµν
4
WαβW
αβ − m
2
2
gµνw
2
− 2 δ
δgµν
(
−1
4
WαβW
αβ − m
2
2
w2
)
=WµρW
ρ
ν −
gµν
4
WαβW
αβ +m2
(
wµwν − gµν
2
w2
)
.
(A4)
a. Computing I1
For the term I1 we find
I1 =
δ
δgµν
(∫
d4x
√−gf
)
=
∫
d4x
(
δ
√−g
δgµν
f +
√−gfQ δQ
δgµν
+
√−gfT δT
δgµν
)
=
√−g
[
−f
2
gµν − 6fQwµwν + fT (Tµν +Θµν)
]
,(A5)
where we have made use of Eqs. (A1) and (A2), and of
the following identity,
δ
√−g = −
√−g
2
gµνδg
µν . (A6)
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b. Computing I2
For the term I2 we obtain∫
d4xδ
(√−gλR¯) = ∫ d4x√−g(−1
2
gµνλR¯δg
µν + λδR¯
)
=
∫
d4x
√−gλ [δR+ 6δ(∇ρwρ)− 12wµwνδgµν ] ,
(A7)
where we have made use of the fact that R¯ = 0. With
the use of the identity δR = Rµνδg
µν − gµνδgµν −
∇µ∇νδgµν , and after integrating by parts, we obtain∫
d4x
√−gλδR =∫
d4x
√−g (λRµν + gµνλ−∇µ∇µλ) δgµν .
(A8)
Using the identity
δΓαβγ =
1
2
gαρ (∇βδgργ +∇γδgρβ −∇ρδgβγ) , (A9)
and the fact that gαβ∇νgβγ + gβγ∇µgαβ = ∇µδβγ = 0,
we obtain∫
d4x
√−gλδ (∇αwα)
=
∫
d4x
√−gλ [∇αwβδgαβ + gαβδ (∇αwβ)]
=
∫
d4x
√−gλ
[
∇αwβδgαβ − gαβwγδΓγαβ
]
=
∫
d4x
√−gλ
[
∇αwβδgαβ
− 1
2
wρgβα (∇αδgβρ +∇βδgαρ −∇ρδgαβ)
]
=
∫
d4x
√−gλ
[
∇αwβδgαβ
+
1
2
wρ
(
gβρ∇αδgβα + gαρ∇βδgαβ − gαβ∇ρδgαβ
) ]
=
∫
d4x
√−g
[
λ∇αwβ −∇α(λwβ) + 1
2
gαβ∇ρ(λwρ)
]
=
∫
d4x
√−g
[
−w(β∇α)λ+
1
2
gαβ∇ρ(λwρ)
]
.
(A10)
Hence:
I2 =
√−g
[
λRµν + gµνλ−∇µ∇νλ− 6λwµwν
− 6w(µ∇ν)λ+ 3gµν∇ρ(λwρ)
]
.
(A11)
According to the least action principle,
δS
δgµν
= κ2I1 + I2 − 1
2
√−g(Tµν + Sµν) = 0, (A12)
and therefore we arrive at the field equation
1
2
(Tµν + Sµν)− κ2fT (Tµν +Θµν) = −κ
2
2
gµνf
− 6κ2fQwµwν + λ (Rµν − 6wµwν + 3gµν∇ρwρ)
+ 3gµνw
ρ∇ρλ− 6w(µ∇ν)λ+ gµνλ−∇µ∇νλ, (A13)
3. Variation with respect to wµ
Since the matter energy momentum tensor is indepen-
dent of the vector field, we have
δf
δwµ
= fQ
δQ
δwµ
= −12fQwµ, (A14)
where we have made use of Eq. (24). Now it is easy to
check the following results,
δ
(
WαβW
αβ
)
δwµ
= 4 (wµ −∇ν∇µwν) = 4∇νWµν ,
δw2
δwµ
= 2wµ,
λ
δR¯
δwµ
= 6λ
δ(∇αwα)
δwµ
− 6λ δw
2
δwµ
= −6∇µλ− 12λwµ.
(A15)
Thus the field equation of the Weyl type vector field is
∇νWµν − (m2 + 12κ2fQ + 12λ)wµ = 6∇µλ. (A16)
Appendix B: Alternative form of the field equations
In this Appendix, we present the derivation of
Eqs. (39). Firstly, we introduce some notations as
D(0)µν = Rµν − 6wµwν + 3gµν∇ρwρ,
D(1)µν = 3gµνw
ρ∇ρ − 6w(µ∇ν),
D(2)µν = gµν−∇µ∇ν ,
Dµ = ∇µ + 2wµ.
Using the above definitions, Eq. (30) can be written as
1
2
(Tµν + Sµν) −κ2fT (Tµν +Θµν) = −κ
2
2
gµνf
−6κ2fQwµwν +(D(0)µν +D(1)µν +D(2)µν )λ. (B1)
From Eq. (28), we see that Dµλ is independent of λ,
so that
Dµλ =
1
6
∇νWνµ −
(
m2
6
+ 2κ2fQ
)
wµ. (B2)
Therefore we can replace ordinary derivatives with Dµ,
and try to eliminate all the derivatives of lambda. Using
21
the following identities,
∇µλ = Dµλ− 2wµλ, (B3)
∇ν∇µλ = ∇νDµλ− 2∇ν(wµλ), (B4)
λ = ∇µDµλ− 2λ∇µwµ − 2wµ∇µλ, (B5)
and starting from the highest order derivative, we have
D(2)µν λ = gµν∇αDαλ−∇µDνλ− 2gµνwρ∇ρλ
+(2∇µ(λwν )− 2λgµν∇ρwρ) . (B6)
Now, we obtain(
D(0)µν +D
(1)
µν +D
(2)
µν
)
λ = gµν∇ρDρλ−∇νDµλ
+gµνwρ∇ρλ− wµ∇νλ− 3wν∇µλ
+λ (Rµν − 6wµwν + gµν∇ρwρ + 2∇µwν) . (B7)
Working on the first order derivatives in a similar man-
ner, we obtain
(D(0)µν +D
(1)
µν +D
(2)
µν )λ = gµν∇ρDρλ−∇νDµλ
+ gµνwρD
ρλ− wµDνλ− 3wνDµλ
+ λ
(
Rµν + 2wµwν − 2gµνw2 + gµν∇ρwρ + 2∇νwµ
)
.
(B8)
Hence the field equations become
1
2
(Tµν + Sµν)− κ2fT (Tµν +Θµν) = −κ
2
2
gµνf
− 6κ2fQwµwν + gµν∇ρDρλ−∇νDµλ
+ gµνwρD
ρλ− wµDνλ− 3wνDµλ
+ λ
(
Rµν + 2wµwν − 2gµνw2 + gµν∇ρwρ + 2∇νwµ
)
.
(B9)
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